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ON SETS FREE OF SUMSETS WITH SUMMANDS OF 

PRESCRIBED SIZE 

JAVIER CILLERUELO AND RAFAEL TESORO 


Abstract. We study extremal problems about sets of integers that do not 
contain sumsets with summands of prescribed size. We analyse both finite sets 
and infinite sequences. We also study the connections of these problems with 
extremal problems of graphs and hypergraphs. 


1. Introduction 

A popular topic in combinatorial/additive number theory is the study of ex¬ 
tremal sets of integers free of subsets with some given particular shape. We tackle 
here extremal problems about sets that do not contain sumsets with summands of 
prescribed size, and we show their relationship with extremal problems on graphs 
that are free of complete r-partite subgraphs. 

Definition 1.1. Let r, £i,...,£ r be integers with r > 1 and 2 < £\ < • • • < £ r . 
Given an abelian group G we say that A C G is a ^ -free set if A does not 
contain any sumset of the form 

L\ + • • • + L r = {Ap + • • • + A r : A* G Tj, i = 1,..., r}, 
with \Li\ — £i, i — 1,..., r. For r = 2 we simply write Ce u e 2 . 

The degenerate case r = 1 , that we denote by is trivial: a set A is £<q-free 

« \A\ <£i-l. 

1.1. £-free sets problems in intervals and finite abelian groups. To mo¬ 
tivate Definition 1.1 and the results in this work we start by summarizing the 
state of knowledge for some particular cases already studied in the literature. 

i) £2,2 -free sets. They are just the Sidon sets, those having the property 
that all the differences a — a' (a, a' e A, a / a') are distinct. Indeed 
take Li = {a!, bi}, L 2 = {a 2 , £>2}, (<h < bi), then the shape of the sumset 
L1 + L 2 can be depicted as one 2 -point set plus one of its translates: 


ai + a2 61 + £12 ai + £>2 61 + 62 

A Sidon set can be characterized as being free of this shape. 

1 
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ii) C 2 /-free sets. A £ 2 ,rfree set A is characterized by the property that there 
are no more than t — 1 different ways to express any non-zero element in 
the ambient group as a difference of two elements of A. They have been 
called £>2 [f — 1] sets [20] and Bf[i — 1] sets [27]. 

For example the typical shape of a sumset L\ + L 2 with |L] | =2 and 
\L 2 \ = 3 is one 2 -point set plus two translates of it: 

•—• •—• •—• 

The £ 2 , 3 -free sets are characterized as being free of this shape. 

iii) Ct u t 2 -free sets. The sets that are free of l\ translations of sets with £ 2 
elements were introduced by Erdos and Harzheim [10] and have been 
further studied in [22], For example the /^ 3 , 4 -free sets are characterized 
by avoiding the following shape: 


iv) £ 2 r) 2 -f ree sets. A Hilbert cube of dimension r is a sumset of the form 
Li + • • • + L r with \Li\ = ■ ■ ■ = \L r \ = 2. Thus £ 2 r) 2 -b'ee sets are those 
free of Hilbert cubes of dimension r. A Hilbert cube of dimension 3 has 
this shape: 


Estimating the largest size of a set A C {1,..., n) that is £[r ) ^-free is an 
interesting and significant problem. 

Definition 1.2. We will denote by F(^n, ^ ) the size of a largest £^ ) e r ~f ree 

set in the interval (1 ,... ,n}. 


Our first result is a general upper bound that recovers known upper bounds 
for the particular cases considered above. 


Theorem 1. For any r > 2 and 2 < i\ < • • • < t r we have 

F{n,C^l tr ) < (0 - 1 + o 7 


Let us compare Theorem 1 with the know upper bounds for the aforementioned 
cases: 

i) £ 2 , 2 -/bee sets. The upper bound |A| < \Jn + 0{n}^ A ) for any Sidon set 
A C (1 was proved by Erdos and Turan [14] and refined until 

|A| < \Jn + n 1,/4 + 1/2 by other authors [21, 23, 6 ]. The Erdos-Turan 
bound follows from Theorem 1 for r = £1 = t 2 = 2. 
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ii) C 2 /-free sets. The upper bound \A\ < \J(t — l)n+ (ft — 1 )n) 1 ^ 4 + 1/2 for 
— 1] sets Ac (1,..., n} was proved in [6]. Theorem 1 for r — £1 = 2 
and £2 = £ > 2 gives 

F(n, £ 2 /) < (£ — 1 ) 1/,2 n 1/,2 + 0{n 2 ). 


iii) £t 1 / 2 -free sets. Peng, Tesoro and Timmons [22] proved that if A C 
( 1 ,..., n} does not contain £\ copies of any set of £2 elements then \A\ < 
{£■2 — 1 ) 1 / £i tt , 1 - 1 /^ 1 + O (n 1 / 2-1 /! 2 ^)). This also follows from Theorem 1 
for r = 2. Note that Erdos and Harzheim [10] had previously proved the 
weaker estimate |H| <C n 1-1 ^ 1 for these sets. 

iv) £ ( f] 2 -free sets. Csaba Sandor [25] proved that if A C {1,..., n} does not 

contain a Hilbert cube of dimension r then |H| < 1 + 2n 1 ^P 2r 2 , 

except for finitely many n. Gunderson and Rodl [17] had previously es¬ 
tablished the weaker upper bound \A\ <C n 1 ~ 1 / 2r . Theorem 1 in the case 
£2 2 implies 

F(n,ct£) < n 1_1/2 '"‘ + O (h 3 '*- 1 ' 2 ’-') , 

which improves the error term for r > 4 in Sandor’s estimate. 


The probabilistic method provides a general lower bound for F(n,£^ g ). 
Theorem 2. For any r > 2 and 2 < £\ < ■ ■ ■ < £ r we have 


nn,C':',)>n 


(l,...,£r 


l_ £lH- Hr- —t — / 

1 e.i --e r -1 "A 1 - 1 


The exponents in Theorems 1 and 2 are distinct and to close the gap between 
them is a major problem. We think that the exponent for these extremal sets is 
the one attained in the upper bound. 

Conjecture 1 . For any r > 2 and 2 < £\ < ■ ■ ■ < £ r , 


This conjecture has been proved for some particular cases: 


( 1 . 1 ) 

F(n, £ 2 / 2 ) 

~ (e 2 - 1 AV- 1 ' 2 , 

( 1 . 2 ) 

F(n,£ 3 / 2 ) 

x n 1 - 1 / 3 , 

(4 > 3), 

(1.3) 

F(n,£ei,e 2 ) 


(4>(4-l)' + l) 


The asymptotic estimate (1.1) for £ 2 = 2 recovers the estimate found by Erdos 
and Turan [14] for extremal Sidon sets and was generalized to any £ 2 > 2 by 
Trujillo-Solarte, Garcfa-Pulgarm and Velasqnez-Soto [27]. The estimates (1.2) 
and (1.3) were proved by Peng, Tesoro and Timmons [22], 
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The lower bound in Theorem 2 has also been improved in other cases al¬ 
though they do not match the exponent 1 — 1/(G... £—i). Trivially F(n, £ 4 ^) > 
F(n. thus (1.2) implies F(n, £ 4 ^) 3> n 1 1//:! for £ 2 > 3, which gives a better 
lower bound than Theorem 2 for 1 2 = 4, 5, 6 . 

Another interesting case corresponds to £^2 2 "fr' ee sets- Theorem 2 gives the 
lower bound F(n,C ( 2 2 2 ) ^ n1-3 / 7 -°( 1 ) but Katz, Krop and Maggioni [18] found 
a construction which gives 

(1-4) F(n,£[?y »n 1 " 1/3 . 

We confirm this last lower bound with an alternative construction based upon a 
£g 2 , 2 'fr ee se t i n ^p-l- 

Definition 1.3. Given a finite abelian group G, we will denote by F(G, £)( ) ... e ) 
the largest size of a £^_ (r -free set in G. 

Theorem 3. For any prime p > 2 we have 

AZp-i,4«)>(p-3) 2 - 

The set we construct to prove Theorem 3 can be easily projected to the integers 
to prove (1.4), as it was done in [18]. In general we have 

Proposition 1. 

F{2 n\ ■ ■ ■ rife, £^J. _^ r ) > F(fL ni x-xZ„ t ,4>J. 

1.2. Extremal problems in graphs and hypergraphs. Given a graph 
let ex(n, 'H) denote the maximum number of edges (or hyperedges) of a n ver¬ 
tices graph (or hypergraph) which does not contain % as a sub-graph (or sub¬ 
hypergraph). Estimating ex(n, TF) is a major problem in extremal graph theory. 
An important case is when % = Kf :i j 2 . It is known that 

(1.5) n * 1 * 2-1 < ex(n, Kg u £ 2 ) < ~(£ 2 ~ 1) /h n *1 (1 + o(l)). 

The upper bound was obtained by Kovari, Sos and Turan [19] and the lower 
bound can be easily obtained using the probabilistic method. 

There is a gap between the exponents in (1.5) and to improve the exponent on 
the lower bound is a difficult problem. The conjecture is that the true exponent 
is the one attained in the upper bound. The only cases where the upper bound 
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has been reached by a construction of a graph with fl(n 2 4 / £l ) edges are 


( 1 . 6 ) 

ex(n, K 2 , 2 ) 

= ^n 3/2 (l + o(l)), 

(1.7) 

ex(n, K 2 ,e 2 ) 

= AlzT„3 /2 (i + 0 (i) )i { e 2 > 2 ), 

(1.8) 

ex(n, iP 3 , 3 ) 

= ln 5 /3(l+o(l)), 

(1.9) 

ex(n, K tl fy) 

x n 2 - 1 '*, (« 2 > (<i » 1 )! + 1). 


Erdos, Renyi and Sos [12], and Brown [5] proved (1.6). Fiiredi [15] obtained (1.7) 
and Brown [5] and Fiiredi [15] proved (1.8), whereas (1.9) was proved by Alon, 
Ronyai and Szabo [2], Ball and Pepe [3] have recently proved that ex(n,K 5j5 ) S> 
n 7 / 4 . Their result also improves the exponent in the lower bound in (1.5) for the 
cases (£ 1 ,( 2 ) = (5,^), 5 < £2 < 12 and for (£i,£ 2 ) = ( 6 ,^ 2 ), 6 < £2 < 8 . 

The analogous problem for hypergraphs seems to be more difficult. 

Definition 1.4. Let r > 2 and 2 < £\ < • • • < £ r be integers. We write ^ 
for the r-uniform hypergraph (V,£) where V — V\ U • • • U V r with |V)| — £i, i = 
1 ,_ . r and 

£ = {{xi,.. ...r,.} : Xi eVi, i = 1 ,...,r} . 

We will say that the r-hypergraph 7~L is ir -free when 'LL does not contain 
any r-uniform hypergraph K^ 1 £ . 

We recall that ex(n; K^... £ ) is the maximum number of hyperedges of a 

K^fi A."f ree hypergraph of n vertices. See [16] for a nice survey on extremal 
problems on graphs and hypergraphs. An easy probabilistic argument gives a 
lower bound which generalizes (1.5): 

( 1 . 10 ) n ei-tr-i <ex(n;ff)[|.. <r ). 

The upper bound was considered by Erdos in the case £ — £\ — ■ ■ ■ — £ r . He 
proved [9, Theorem 1] that 

( 1 . 11 ) ex(n, f) <C n r ~ 1/r \ 

0x(?) 

Erdos and Simonovits wrote in [13] that probably lim, woo exists and 

it is a positive number. We refine the estimate (1.11) as follows. 

Theorem 4. 

(1.12) ex(n,K £ ^ (r ) < ——+ o(l)), (n -A 00 ). 
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The case r — 2 in Theorem 4 is the result (1.5) proved by Kovari, Sos and 
Turan [19]. It is believed that the upper bound in (1.12) is not far from the real 
value of exin, ^ ). 


Conjecture 2. 


ex{n,K ( e 


n r-l/4-”4-i 


The lower bound in (1.10) has been improved in a few cases for r > 3: 

(1.13) ex(n, l4% 2 ) > n 3_1/3 , 

(1.14) ex(n, 2 ) n r_2r - 1 + A 2r '- 1 ), (sr = 1 (mod 2 r — 1)). 

Katz, Krop and Maggioni [18] attained (1.13) and Gunderson and Rodl [17] 
proved (1.14). An alternative proof of (1.13) follows from Theorem 3 and Propo¬ 
sition 2 below. 


1.3. Connection between the two areas of problems. The two exponents 
of n in Theorems 1 and 2 have the same flavour as the two exponents of n in 
(1.10) and in Theorem 4. This is a consequence of the following result. 


Proposition 2. Let G be a finite abelian group with |G| = n. Then 


ex{n,h '£! i(r ) > (") 


I AG, 41,4 


n 


The proof uses £]A ^ -free sets in finite abelian groups to construct e - 
free hypergraphs. Proposition 2 connects results on extremal problems in abelian 
groups with results on extremal problems in hypergraphs. 

We mention a couple of cases already discussed in the literature. It is well 
known that if A is a Sidon set in a finite abelian group G then the graph Q(V,£) 
where V = G and £ = {{x,y} : i + t/ 6 4} is a K 2 , 2 ~free graph. Another related 
example is the connection that was discussed in [ 22 ] between Ce lt e 2 -free sets and 
the problem of Zarankiewicz, which in turn is connected to extremal problems on 
77 ^ 2 -free graphs (see [15, § 2 ]). As a final example (1.13) can be obtained from 
Theorem 3 by using Proposition 2. 

In the same line of reasoning since any ^-free set in 7L n is also a t - 
free set in { 1 ,..., n} then Conjecture 1 implies Conjecture 2 . The converse is not 
true but the algebraic ideas behind the constructions of some K tl ^ 2 -free graphs 
can be used in some cases to construct C^^-fiee sets. This was the strategy 
followed in [ 22 ] to construct dense £3 3 -free sets. 
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1.4. Extremal problems in infinite sequences of integers. We consider also 
infinite £-free sequences of positive integers. This problem is more difficult than 
the analogous finite problem, even in the simplest case of £ 2 , 2 -free sets (Sidon 
sequences). Let A{x) = \A D [l,a;]| be the counting function of any sequence A. 
In the light of Conjecture 1 for the finite case and being optimistic one could 
believe in the existence of an infinite frfj e -t ree sequence satisfying A(x) 3> 
x i-i/(£i-£ r -i)' Erdos [26] proved that it is not true for Sidon sequences, and 
Peng, Tesoro and Timmons [22] proved that neither for Ci lt £ 2 -free sequences this 
is true. We generalize these results for all frfj ^ . 

Theorem 5. If A is an infinite £^ £r -free sequence then 

liminf—^-(xlogx) 1 ^^ 1 '"^ -1 ^ <C 1 . 

x —^oo x 

(r) 

Hence a natural question is whether or not for any e > 0 there exists a £\ _ £ - 
free sequence with 

(1.15) A(x) > x i-V(<i-<r-i)-e_ 

A positive answer to this question was conjectured by Erdos in the case of Sidon 
sequences. The greedy algorithm provides a Sidon sequence A with A(x) 3> x 1//3 . 
This was the densest infinite Sidon sequences known during nearly 50 years. 
Ajtai, Komlos and Szemeredi [1] proved the existence of a Sidon sequence with 
A(x) 3> (xloga ;) 1 / 3 and Ruzsa [24] proved the existence of a Sidon sequence with 
A{x) ^v^-i+oli). The first author [7] constructed an explicit Sidon sequence 
with similar counting function. 

To attain the exponent in (1.15) looks like a difficult problem. It even seems 
difficult to get a exponent greater than 1 — , which is the exponent 

obtained in Theorem 2 for finite sets. 

The probabilistic method used in Theorem 2 to construct dense finite t - 

(V) 

free sets might be adapted to construct infinite C\f ^.-free sequences with large 
counting function in order to prove that for every e > 0 there exist an infinite 
dfl £ r -free sequence A satisfying 

A(x) » x 1 ^ 7_e , with 7 = . 

We have not found a proof for the general case, however we have succeeded in 
two particular cases. 

Theorem 6. For any I > 2 and for any e > 0 there exists an infinite £ 2 /- free 
sequence with 

A(x) > x 1_ 2 ^i _e . 
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Note however that the constructions in [24] and [7] provide a greater exponent 
for £ = 2 and £ = 3. 

(V) 

Theorem 7. For any r > 2 and for any e > 0 there exists an infinite 2 -free 
sequence with 

A(x) x 1 ~^ T ~ e . 


The rest of this paper is organized as follows. Several auxiliary results that 
will be used in the sequel are included in section 2. In section 3 we discuss finite 
sets that are £-free and we prove Theorems 1, 2, 3, and Proposition 1. In section 
4 we prove Proposition 2 and Theorem 4. In section 5 we discuss infinite £-free 
sequences of integers and prove Theorems 5, 6 and 7. 

2. Lemmata and auxiliary theorems. 

Lemma 2.1. Let r > 2 and 2 < £i < ■ ■ ■ < £ r be given. If A is a C}jff t r -free set 
in an abelian group G then the set 

(A + X \) n • • • n (A + x^fi 

is a df~ l \ -free set for any collection {aq,... , aq x } of £\ distinct elements of G. 

Proof. If L 2 + • —\- L r C (A + aq) fl • • • fl (A + xg 1 ) then L 2 -\— • + L r — aq C A 
for i — 1,..., £\ and so L\ + L 2 + ■ ■ ■ + L r C A for L\ = {—aai,..., — x^}. □ 

Definition 2.1. We say that a sumset L\ -\— • + L r is degenerated if \L\ 4— • + 
L r | < |Li| • • • \L r \, that is to say some of all the possible sums are repeated. 

Lemma 2.2. If a sumset is degenerated then it contains an arithmetic progres¬ 
sion. 

Proof. Consider the sumset A" = Li + • • • + L r Suppose that aq + • • • + ay = 

V\ 4-ht/r with Xi,yi G Li (1 < i < r), and with x k y k , say x k > y k , for 

some k. Then the three following elements of X form an arithmetic progression 
of difference x k — y k . 

aq+- • - \-x k -i+y k -\-x k+ i -\- • -+x r , x\-\- ■ ■+x r , yi+- • ■+y k -iAx k +y k +i-\-- ■ -Pyr- 

□ 

Lemma 2.3. Given r > 2 and 2 < £\ < • • • < £ r , there are at most n^ 1+ "' + ^ r_r+1 
sumsets X C {1,..., n} of the form X = Li + • • - + L r with {Lf = i = 1,... , r. 

Proof. Any sumset X can written in only a way in the form x + L' x + ■ ■ ■ + L' r 
with L' the translate of Li such that min L' = 0. The number of choices for 
x,L[,, L' r is at most n(^" 1 ) ■ ■ ■ ( e n _ x ) < n 1 AL- 1 )+- + W~ l \ □ 
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We recall a Theorem, which is a consequence of the Jensen’s inequality, and 
that will be used in the proof of Theorem 4. 

Theorem 8 (Overlapping Theorem [8]). Let P) be a probability space and 

let {Ej}j =1 denote a family of events. Write 

a r ■■= P ( E ii n -- n£ ir)i ( r > !)• 

i<?i<—<><fc 

Then we have 

a > f o'A = ~ i) • • • (°~i — ( r ~~ i)) 

' ~ \ r J r\ 

An inmediate corollary of Theorem 8 is the following lemma which will be used 
several times through this work. 

Lemma 2.4. Let r > 2 be an integer. If A + B C X then 

(2.1) —— ^ |(A + xi) n • • • n (A + x r )\ > 

(a:i I ...,x r }e(f) 

Behrend [4] proved the following result that will be used in the random con¬ 
structions we make in the sequel. 

Theorem 9 (Behrend). For n large enough, any set of n consecutive integers 
contains a subset B n free of arithmetic progressions with size \B n \ — n l ~ u W) y for 
some decreasing function uj{n) — > 0 when n —> oo. 

Indeed it is possible to take u(n) x 1 /v'log n. 

3. Finite £-free sets 

3.1. Proof of Theorem 1. As the first step in the proof we attain a weaker 
version of the upper bound of Theorem 1. 

Lemma 3.1. For r > 2 and 2 < I\ < • • • < I r we have 

F(n,C { ll A ) < 

Proof. For short we write F r = F(n , ^ ) and F r _ i = F(n, Suppose 

that A C [n\ is a 4 ,-f ree set °f largest cardinality, so we have \A\ = F r . 
Lemma 2.1 implies that 

(3.1) |(A + aq) D • • • D (A + x^)\ < F r _ i, 
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holds for any set of distinct positive integers {x \,... ,£ 4 }. 

Now we take B = [1 ,n\ and X = [l,2n] in Lemma 2.4 and use (3.1) to get 


1 

2 n 



> 



n 


4 -1 


-F r _ 1 >{F r /2^{l 1 - l)) e \ 


and then we have 


(3.2) 


F r < (2+ iii. 


This inequality allow us to prove Lemma 3.1 using induction on r. First note 
that F\ = F(n, C( 2 ) = £ 2 — 1 for n > i 2 ~ 1 and inserting (3.2) we have that the 
Lemma is true for r — 2 . 

Assume that it is true for r — 1. Inequality 3.2 implies 
F r « n 1_1 Ai(_p r _i) 1 A 1 « n i-iA 1 ( n i-V(^-4- i ))i/4 << 


□ 


Next we will prove a refined version of the inequality (3.2). 

Lemma 3.2. Let r, £ 1 ,..., i r be integers with r > 2 and 2 < £1 < ■ ■ ■ < l r . We 
have the following inequality: 


F(nX 


(r) ) 

h,-AJ 


1—— 
< n £ i 




n 


1/2—1/(24- 4 -i 


>)■ 


Proof. The first part of the proof is similar to the proof of Lemma 3.1 but now 
we take B = [0,m] and A" = [l, n + m] in Lemma 2.4 where m will be choosen 
later. The inequality (3.1) and Lemma 2.4 imply 


F r _ 1 (m + 1 


n + m \ 1 1 
F r -1 


n + m 


> 


(m + l) £l > 


Fr -1 
n + m 


n + m 


> 


< 


(m+l)F r 

n+m 


(m + 1 )F r 
n + m 


- 1) 


n+m m +1 


4 


fi-l 
n + m 


i/^i 


+ 


m + 1 


4 
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Using that (n + m) 1 1 ^ 1 = n 1 1 ^ 1 (1 + m/n) 1 1 /' ?1 < n 1 1 ^ 1 (1 + m/n) we get 

+ + (<1 ~ 1)( " + m) 

m + 1 

m\ (£\ — l)(n + m) 


< n l ~ l ^F r ^ (l + + 


m + 1 


< n 1_1/<1 F r _ i 1/£l + 


m 




n 


m + 1 


To make as sharp as possible this last estimate we need that the second and 
the third summands have the same order of magnitude. Hence by taking m = 
|_\/'n4/and using also Lemma 3.1 we have 

(3.3) F r < n (U r _i/n) 1/fl + 2 1 \/n (Fr-i/n) 1 ^ 2 ^ + 4 — 1 

vfi 

as claimed. □ 


To finish the proof of Theorem 1 we proceed by induction on r. For r = 2, let 
F 2 = F(n,£e u t 2 ) and F\ = F(n,£t 2 ). Observe that Fi = £ 2 — 1 for n> £ 2 — 1. 
Inequality (3.3) implies 

F 2 < (4 - i)V*i n i-v*i + o ( n i/2-i/(2«i)). 

Assume that Theorem 1 is true for r — 1 and take any 4, • • • ,4 with 2 < 4 < 
■ ■ ■ < £ r . Lemma 3.2 and the induction hypothesis imply 

F r < n 1 " 1 ^ (F r _0 1/€l + O ( n V2-V(2q-4-i)) 

< n 1-1 /^ 1 ^(4 —> 1) 77, 1 e 2-~ e r-l O (^rF + 2i r- 


-1 l 2 ' l r-l 


1/tl 


+ O in 


i i i / / i | i \ \ / i i \ 

< (4 — 1) £l ' n ^i -A-i m + O ( n 2 2 ^ r_ i J J + O i n 2 2( i— e r-i J 

< ( £ r — 1) e l •• 'V-l 77/ ^l-A-l _)_ (9 ^2 + 2 ^ r _ 1 +0 ^n 2 2e l' e r-l^j 


For r — 2 the second and third summands are the same. For r > 2 note that 
4 • • • 4-2 — 2 > —1, and dividing this inequality by 24 • • -4-i we have that 
the exponent in the third summand is smaller than the exponent in the second 
summand. Hence we have 

F r < (4 — 1 ) e l- e r-l n 1 ~h-^r-l -f O (n 2 + 2 «r-l _ q-^r-l'\ ; 


as claimed. 
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3.2. Proof of Theorem 2. The lower bound of Theorem 2 comes from a prob¬ 
abilistic construction. Our proof is a generalization of the argument that Gun¬ 
derson and Rodl [17] used for the particular case C^... , 2 - 

Let B n denote the set given by Theorem 9 of Berend, with the following prop¬ 
erties: B n C [n], B is free of arithmetic progressions and its size is \B n \ = 
with ou(n) = o(l). 

Next we randomly construct a set S in [n] with the following probability law: 


F(u G S) 


p if v e B n , 
0 otherwise, 


where all the events {v G 5%>i are mutually independent. For the value of p we 
choose 

\ 'i —(It -I-1- Z r )—u(n) 

p = p(n ) = —n ii-ir-i 

We will say that X is an obstruction (for S ) when X C S is a sumset of the 

(r) 

class C\f e . Our aim is to destroy all the obstructions for S. To this end we 
will remove from S the greatest element of every obstruction. Let 5' bad denote 
the collection of all these greatest elements: 



If the number of obstructions is low enough, then we could remove from S all 
the elements in the collection 5' bad and still retain a sufficiently dense set which 
would be free of obstructions. With this in mind we claim that the obstructions 
for S are few in our construction. 


Lemma 3.3. For all n sufficiently large, with probability at least 1/4 the random 
sets constructed in this way satisfy 


| S'| > and 



The lemma implies that there exist a set S C [n] such that 

\s\ s bad | > 

1 1 4 


Note that the set A — S \ S had satisfies the conditions of Theorem 2. Indeed by 
removing from S all the elements in S'' 321 ' 1 we have that A is ^.-free because 

(r) 

all the sumsets of the class e that were contained in S have been destroyed. 
Thus to complete the proof of Theorem 2 all we need is to prove Lemma 3.3. 
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Proof of Lemma 3.3. On the one hand since S C B, then S is free of arithmetic 
progressions and Lemma 2.2 implies that all the obstructions for S are non de¬ 
generated (see definition 2.1). Hence all the possible sums within an obstruction 
X are distinct and so the probability of any obstruction X to occur in the con¬ 
struction is 

(3.5) P(XC S:Xe4;> t )=p«. 

Consider the random variable N(S) — #{X C S : X € d/'' . } that counts 
the number of obstructions. As two different obstructions may have the same 
maximum then N(S) is greater or equal than the cardinality of S' bad . Hence 
using Lemma 2.3 and (3.5) we can estimate the expected cardinal of S' bad as 
follows: 


E (|£ bad |) < E (N(S)) = #{X C [n] : X e P(X C S ) 


- 

_ 2 -i V ..i rn e 1+ - + t r -r + i n r -%::Z r 2r ln) fr-"tr-i+v 

. . i —((.-[ -\ -b-^r)— to(n) 

= 2 = | J B n |p/2^"^” 1 . 

Using the fact that 2 < U (2 < i < r), this last estimate of E(|5' bad |), and Markov 
inequality we have 

(3.6) p (|S b * d | > Ujk) < P ( |s b «i| > XfjX) 

<P(|5 ,bad | > 2E(|A bad D) < 1/2. 

On the other hand the size of S equals 1 u& s, be: the sum of \B n \ indepen¬ 

dent random indicator variables all having the same expectation p and variance 
p( 1 — p). This implies Ed^l) = \B n \p and Vard^l) = \B n \p(l —p). We can now 
use Chebychev inequality to write 

P (j S | < XXj = P ^| S | < < p ((is - e(|s|)| > 

4Var(|S|) 4|B„|p(l - p) 4 1 

(E(|S|)) 2 (\B„\p) 2 | |p 4’ 

except for finitely many n, since \B n \p —> oo. Combining (3.6) and (3.7) we obtain 

P (\S\ > \B n \p/2 and |£ bad | < \B n \p/A) > 1 - (1/2 + 1/4) > 1/4, 

as claimed. □ 


can now 


3.3. Proof of Theorem 3. Theorem 3 is an immediate corollary of the following 
result. 
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Proposition 3. Let p be an odd prime and 9 be a generator of¥*. The set 

A = {(xi, x 2 , x 3 ) : 9 X1 + 9 X2 + 9 X3 = 1, x 1 ,x 2 , x 3 ± 0} C Z 3 _ x 

does not contain subsets of the form Li + L 2 + L 3 with |Li| = \L 2 \ = \L 3 \ =2 
and has (p — 3) 2 elements. 

Proof. The first observation is that, given any abelian group G, a set A C G is 
free of subsets of the form Li + L 2 + L 3 , \Lf = \L 2 \ = \L 3 \ = 2 if and only if for 
any y e G, y ^ 0, the sets A y = A D (A + y) do not contain subsets of the form 
Li + L 2 , \Li\ = \L 2 \ = 2. This last condition is equivalent to say that A y is a 
Sidon set. This is what we have to prove. 

For a fixed y = (y u y 2 , y 3 ) ± (0, 0, 0) in Z 3 p _ we consider the set A y = Ap\ (H + 
y). It is clear from the definition that 

A y = {(xi, x 2 , x 3 ) : satisfying the conditions (*)} 

{ 9 X1 + 9 X2 +9 X3 = 1 

Qxi+yi _|_ QX 2+2/2 _j_ Qx 3 +y 3 _ 

Xi,Xi + yi i- 0, i = 1,2,3. 

We claim that, if A y is not empty, then one of the coordinates of y is distinct 
from 0 and distinct from the other two coordinates. 

To prove this claim suppose that (xi,x 2 ,x 3 ) G A y . Since y = (yi, y 2 , y 3 ) ^ 
(0, 0, 0) we can assume that one of the coordinates is different from zero, say 
y 3 7 ^ 0. If y 3 ^ y\ and y 3 ^ y 2 then the coordinate y 3 satisfies the statement 
of the claim. We consider now the possibility that y 3 = y 2 (the case y 3 = y\ is 
similar). We will see that in this case, the coordinate y\ satisfies the claim. If 
2 /i = 0 then the equations (*) imply that 9 X1 + 9 X2 = 9 y3 (9 xi + 9 X2 ) and then, 
since y 3 ^ 0, we have that 9 X1 + 9 X2 = 0. But it implies that x 3 = 0 which is not 
possible by construction. Furthermore it is clear that ij\ ^ y 2 — y 3 - Otherwise we 
would have that y\ — y 2 — y 3 and the equations (*) would imply that y = (0, 0, 0) 
which is a contradiction. 

Let us assume that y 3 is distinct from 0 and distinct from the other two coordi¬ 
nates. This implies that the elements Ai = 9 V3 —9 yi , X 2 = 9 V3 —9 V2 and y = 9 V3 — 1 
are distinct from zero. Hence taking the function x 3 (xi, x 2 ) = log 0 (1 — 9 Xl — 9 X2 ) 
we can deduce from the equations in (*) that the set A y is included in the set 

S = {(x 1? x 2 , X 3 (X!, x 2 )) : X\9 X1 + X 2 e x2 = y 7 9 X1 + 9 X2 ^ 1}. 

Next we show that S is a Sidon set, which implies that A y is a Sidon set. For 
a given (z±, z 2 , z 3 ) ^ (0, 0, 0), suppose that 

(3.8) (xi, x 2 , x 3 (xi, x 2 )) - (xi, x' 2 , x 3 (x[,x' 2 )) = {z u z 2 , z 3 ) 
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with 

(3.9) 


\\9 Xl + A 2 9 x > = n, 
A,r'i + A 2 9 x i = fi. 


We will show that (xi, x 2 , x 3 (xi, x 2 )) and (x' 4 , x 2 , x 3 (x' 4 , x 2 )) are uniquely deter¬ 
mined by the conditions (3.8) and (3.9). If z\ — z 2 — 0 then (xi,x 2 ) = (xi,x 2 ), 
which implies that z 3 = 0. Therefore we can assume that {z\, z 2 ) ^ (0, 0). In this 
case equations in (3.8) and (3.9) imply that 


\ 2 9 X2 (1-9 Z1 ~ Z2 ) = /i(l -9 Z1 ). 

If Zi = z 2 then /i(l — 9 Z1 ) = 0 ==>• Z\ = z 2 = 0. If Z\ z 2 then x 2 is uniquely 
determined and therefore also Xi, x[, x 2 , x 3 (xi, x 2 ) and x 3 (x' 1 ,x' 2 ). 


To complete the proof of the lemma we calculate the size of A: 

\A\ = |{(w, v, w) G Fp : u + v + w = 1, w, v, w {0,1}}| 

= X] 1= S (p- K°> !*— 1 — w }\) 

= Pip- 2)~ Y, |{ 0 , 1 , —in, 1 — w}\ — |{ 0 , 1 , 1 , 2} | 

TO0{O,1,-1} 

= p(p - 2) - 4(p - 3) - 3 = ip - 3) 2 . 


□ 


In the rest of this section we will prove the estimate (1.4) by using Theorem 3 
and the following projection from to Z. For any integer m > 2 we consider 
the function <p m : Z^ —>■ Z defined by 

(3.10) <p m (x i, x 2 , x 3 ) = (2m) 2 xi + (2m)x 2 + x 3 , 

where x 3 ,x 2 ,x 3 are residues in [0 ,m — 1]. An easy, but important, property of 
this function is that 

(3.11) Vmix) + <Pmiy) = <Pmiu) + (Pmiv) =>■ X + y = U + V. 

This property in a more general fashion is proved during the proof of Proposition 
1 in section 3.4. 

Lemma 3.4. If A C Zf n is £ 2 3 2i2 -/ree then the set (p m (A) is £ 2 3 2 . 2 -/ree over the 
integers. 

Proof. A Hilbert cube of dimension 3 can be also described as a multiset {x 4 ,..., x 8 } 
with x 2 ,x 3 ,x 5 7 ^ Xi satisfying the following conditions (see the picture below): 

J x 2 - Xi = x 4 - x 3 = x 6 - x 5 = x 8 - x 7 
|x 3 -xi=x 7 -x 5 
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• ••• •••• 

X\ X2 X 8 X4 X5 Xq Xj X 8 

This system of equations is equivalent to the following system in term of sums: 

X 2 + x 3 = x 4 + Xi, 
x 2 + x 5 = x 6 + Xi, 

X 2 + X 7 = X 8 + Xi, 
x 3 + ^5 = ^7 + £i- 

Suppose that {</? m (oq),..., <p m (a 8 )j with oq,..., a 8 E A is a Hilbert cube of 
dimension 3 contained in <p m (A). Since the elements <p m (ai ),..., < p m (a 8 ) satisfy 
the four equations in (3.12), the observation (3.11) implies that also the ele¬ 
ments 01 ,,a 8 satisfy the analogous equations in and therefore the multiset 
{cq, ..., a 8 } is a Hilbert cube of dimension 3 contained in A. □ 

To attain bound (1.4) we apply Lemma 3.4 to the set A described in Proposition 
3. It is easy to see that (p m defined by (3.10) is injective thus \ip p _i(A)\ = |H| = 

(p — 3) 2 and we also have p p -i(A) C [0,4(p — l) 3 ). Let p be the largest prime p 
such that 4 (p — l) 3 < n, that is p — (n/ 4) 1//3 (1 + o(l)). Then we have 

F(n. Cflp > ItvVAJI = (p - 3) 2 = (n/4p(l + o(l)). 

3.4. Proof of Proposition 1. To prepare for the proof we first generalize the 
idea that we used during the proof of Lemma 3.4. The sums in a sumset might be 
repeated thus we have a multiset in the general case. However a minimum number 
of the sums are distinct. The set L 1 is translated I 2 times to form a pattern which 
is in turn translated t 8 times and so on. The next lemma characterizes sumsets 
as multisets satisfying a number of conditions. 

Lemma 3.5. Let r >2 and 2 < i\ < • • • < i r be given, and a sumset Li + • • • + 

L r E e , with summands L s = {A s i,..., A^ s }, (1 < s < r). We enumerate 
the sums using a multi-index as follows: 

r 

Xiii 2 ---i r • ^ ^ A S j s , (1 ^ is — 1 1 A; A; I”). 

s=l 

Then the following Yd k =i ( 2 ) conditions hold: 

(3.13) x 1 ... lis i...i ^ xi...i js i...i, (1 < i s < j s < t s ,s = 1,. • • ,r). 

Furthermore the following i\ ■ ■ ■ i r — (£1 + • • • + £ r ) + (r — 1) equalities hold: 

(3.14) 

X\...i + Xi...ij s j s+1 ...j r = Xi...ij s i...i + Xi-.-i i s+1 ...i r , (is 7 ^ 1) (*s+l) • • • ) *r) 7 ^ (1) . , 1), 1 < S < r). 
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In the other direction, suppose that a given multiset X of I\ - ■■ I r elements can 
be multi-indexed as follows 

X = {x h ... ir , 1 < i s < 4,1 < s < r}, 

so that conditions (3.13) and (3.14) are satisfied. Then X G tr . 

Proof. For s = 1,..., r the cardinality of any translate of L s is t s . Hence all the 
elements in the translate 

^ ^ Ati L s {xi...ij s i...i .i s 1 ) • • • i Is} 

1 <t<r 
t^S 

must be distinct and so (3.13) holds. 

Let us fix s, with s < r — 1, and also fix 4 +t,... ,i r , with (4+i,... ,i r ) 

(1,..., 1). Varying just the s th place of the multi-index we have that the following 
I s — l equalities on differences hold: 

%1-lisis+vir = A si s A S 1 = Xi...ii g i...i (4 7 ^ 1), 

We now vary 4+i,..., i r , and we have that the following (I s+1 ■ ■ ■ I r — 1)(I S — 1) 
equalities on sums hold: 

xi...i-\-xi...ii s i s+1 ...i r = Xi...ij s i...i+Xi...ij s+I ...i r , (is f 1 ) (4+i, • • •, if) f ( 1 , • • •, 1 ))- 

As this is true for 1 < s < r we have (3.14). Summing in s, the total number of 
equalities is 

r— 1 r— 1 

J](4+l • • 'Ir ~ 1 )(4 ~ 1) = J^4 ’ ' - £ r ~ **+' • • -4 - 4 + 1 

S= 1 S=1 

r— 1 r— 1 

= £l • • • £ r ^ ^ ~£s * * * £ r H“ £s * * * “ 1 “ ^ H - 1 ) 

s =2 s=l 

= t\ ■ ■ ■ t r — (4 + • • • + If) + (r — 1 ), 

as claimed. 

To prove the second part of the lemma, suppose X = {x^...^, 1 < i s < 4,1 < 
s < r} satisfies conditions (3.13) and (3.14). We define L i := {xn...i, X 21 - 1 ,..., 
and for s — 2 ,,.,, r we define 

L s := —X 11...1 + {xi...ij 8 i...i: 4 — 1, ■ • •, 41- 

Condition (3.13) implies that \L S \ — I s (1 < s < r ), and so Li + - ■ ■ + L r G Cf^ ^ . 
It will suffice to show that x^...^ G Li + ■ ■ ■ + L r for any element of X. Note that 
X 1...1 G Li and 0 G fl r s=2 L s and thus trivially X\...i G Li + • • • + L r . In other case 
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(ii,..., i r ) ^ (1,..., 1) and then using r — 1 times (3.14) we can write 

X ^T-l "h ^li2-"ir 

= Xjji .,.1 — + X \ i 2 1...1 — + X \ ii 3 ... i r 


— Xi-yl—l + (— X\..-i + + • • • + (— X\...\ + Xi...ii r ) 

G L\ + L 2 + • • • + L r . 


□ 


Now we are ready to prove Proposition 1. We remind that given ri, • • • , r,-, • ■ • 
f the base), any non negative integer can be written in a unique way in the form 

IJ\ + ?/2 r i + 2/3?'i?' 2 H-h VjTir 2 ■ ■ ■ r,_ i H- , 

with digits yj satisfying 0 < yj < r 3 (j > 1). 

The map tp : Z ni x • • • x Z„ fc —> Z given by 

,-..,x k )=x 1 + x 2 (2n 1 ) H-h x fc (2ni)(2n 2 ) • • • (2n k -i), 

is injective, to see it just note aq, -, x k are the k digits of the integer ip(x i,..., x k ) 

in any base starting with {2ni, 2 n 2 ,..., 2n k -i, 2 n k }. One important property of 

p> is 

(3.15) ip(x ) + ip(y) = p>(u) + <p(v) =>x + y = u + v. 

To prove it suppose p>(x) + ip(y) = p>[u) + (p(v), that is to say 

k k 

(3.16) J2(xj + y j )(2n 1 )(2n 2 ) ■ ■ • (2n i _i) = + v j )(2n 1 )(2n 2 ) ■ ■ • (2n i _i). 

i i 

For every j — 1, ... ,k we have 0 < Xj, y 3 , Uj, v 3 < n 3 which implies 

0 < Xj + y 3 , Uj + Vj < 2nj. 

The expresion of an integer in the base is unique, thus by (3.16) we have ay + y 3 = 
Uj + Vj (1 < j < k), which implies that x + y — u + v. 

(r) 

We claim that <p preserves the property of being ^-free. Indeed, let A C 
Z ni x • • • x 7L n , k be any set such that <p(A) contains a surnset Y of the class 
lr . By Lemma 3.5, Y can be multi-indexed {i/y.-.y, : 1 < i s < ^ s , 1 < 
s < r} and satisfies conditions (3.13) and (3.14). The function ip is injective 
and so </? -1 (F) = Z can multi-indexed in the natural way : = </9 _1 (a/jj.-.y). 

Because tp is injective we have that Z satisfies the conditions (3.13). The property 
(3.15) implies that Z satisfies the equalities (3.14). Hence the second part of 
Lemma 3.5 implies that Z = ip~ l (Y) is a surnset of the class t in the group 
Z m x • • • x Z nfe . 
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Note that the image of ip is in the interval [2 k 1 n\n 2 ■ ■ ■n k \, because we have 
Xi < rii — 1, (1 < i < k ) and then 


<p(xu ■’ ■ > x k) < (ni - 1) + (ra 2 - l)(2ni) + (n 3 - l)(2ni)(2n 2 ) H- 

— —1 + ni — 2rii + 2nin 2 — 4n i n 2 + 4nin 2 n 3 + ••• 

— —1 — ni — 2n\n 2 — ■ ■ ■ — 2 k ~ 2 niU 2 ■ ■ ■ n k -1 + 2 k ~ l n\n 2 ■ ■ ■ n k 
< 2 k ~ 1 nin 2 ■ ■ ■ n k . 

(r) 

Therefore for any ] ^ -free set A C Z ni x • • • x Z nfc we have 
1^1 = W{A)\ < F(2 k ~ 1 n 1 n 2 ■ ■■n k ,C\ 
which implies F(Z ni x • • • x Z nfc , < F(2 k ~ 1 nin 2 ■ ■ -n k , ^). 


4. Connections with Turan problem on graphs and hypergraphs 


4.1. Proof of Proposition 2. Let dcGbe any set free of subsets of the form 
Li + ■ ■ ■ + L r , with \Li\ = £i, i — 1...., r. Consider the hyper-graph Q = (V, £) 
where V = G and 


S = 




x\ + • • • + x r G A 


We claim that Q does not contain a copy of the r -uniform hyper-graph 
(see definition 1.4). Otherwise there exist L l; ..., L r with \Li\ — £ l} i = 1,..., r, 
such that all the hyper-edges {or, ... ,x r } with x t G L, t belong to S. But this is 
equivalent to say that X\ + • ■ -+x r G A for all (or, .. ., x r ) G Li x • • • x L r . In other 
words, that L x + • • • + L r C A, which is not possible because A is ^ -free. 
Hence we have 

ex (n; > # |{xi,..., x r } G : or -I-f x r G A 

an inequality which can be alternatively written as follows 



ex(n; K^] A ) > Rr(y), 

y&A 


where R r (y) = #{{or, ..., x r } G (^) : x± -|-h x r = y}. 

Note that, for any given x G G, as A is ^ -free then A + x has the same 
property. This implies the last inequality also holds if we sum in y G A + x. 
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Hence we can write 

ex(n; A ) > Rr ^ = Tr\Y^ R r(v)#i x '■ x £ y - A} 

I I xeGyeA+x ' ' y£G 




y&G 


|G| V r 


n \ r 


4.2. Proof of Theorem 4. The proof uses induction in r. The case r — 2 was 
proved by Kdvari, Sos and Turan [19]. 

For r > 3 to ease the notation we write e r = ex(n,K^ g ) and e r _i = 

ex(n, Suppose "H = (V,£) is one extreme r-hypergraph which is free of 

( r \ 

K £i (r hypergraphs. We have 

(4.1) |£| = e r . 

The neighbourhood of any vertex v in V is the collection of all (r — l)-subsets of 
V that form a r-hyperedge when combined with v: 

N{v) = | U £ ^ ^ ^ : {u} U U £ £ 

For any fixed l\ vertices v \,..,let £' denote N{v i) D • • • fl N^vy). The set 
£' can be considered as a collection of (r — l)-hyperedges. Let V' C V denote 
the vertices connected by £' thus forming a (r — l)-hypergraph %' = ( V',£') . 
Assume that %' contains one K.'f 1 ^ hypergraph, say X = {V (X), £{X)). Then 
the hypergraph 

(K... ,v tl } u H(X), (M u u I u e S(T), i = l,... ,M) 

(r) 

would be r-uniform K Pi and it would be included in "H, which is impossible. 
Hence (V',£') must be 'j^-free and so we have 

(4.2) |£'| = \N(vi) fl • • • fl N(v ei )\ < e r _i for any v^.,., v tl . 

In order to use Theorem 8, let us define the random variable X: V —> 
with uniform probability law P (A" = U) = 1/( ” x ), for every U £ (, r ') 1 )- For 
any v £ V we define the event E v = {A" £ N(v)}. Note that Yh v ^v |AT(i;)| 
counts the number of all subsets of r — 1 elements in every hyperedge of V, thus 
|AI(u)| = ( r -i) 1^1 an( l then we can write 

= E p < s ») = tAtE^WI = PD = A’ 

v€:V \r— 1 / v€.V \r— 1 / \r— 1 / 
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where in the last equality we have used (4.1). Theorem 8 implies 

A\ Y \n(v 1 ) n ■ ■ ■ n n (v h )\ > ( rer/ AA 
(r-J r V h J 

Using the inequality (4.2) we obtain 

(?) e r- i (r e 7 

( ] ITT - ( 

Now we estimate the left term in (4.3): 

e r-i Q") = (r - 1)! (n - (r - 1))! 

Cl! (n - «i)! 

In the case r — 1 < l\ we have 


/(A) 


e r _i. 


= - gi ,^‘ e r-i('R - r + 1) • • • (n -Ti + 1) < ^ A' e r-i ntl r+1 - 


Otherwise we have r — 1 > £\ and then 
O-iG”) _ (r-l)! e r -i 


," 1 ) i\\ (n — £i) ■ ■ ■ (n — r + 2) 

(r — 1)! _ „ i o'vti-r+l 


< 


(r — 1)! 


6 r _i 


?i! (n — r + 2) r_1 


-i-4 


< 


e r _i (n — r + 2y 


Hence we have 

< (r - 1)! 


A lower bound for the right term in (4.3) is 

W(A) 


e r _i r/ 1 r+1 (l + o(l)), (n —* oo). 


> 


^ > (^T - (£i - 1)) 


l 7 — 1 

0 


h 




Combining the last two estimates and (4.3) we can write 

( 4 - 4 ) <('r-l)!e r -in^' r+1 (l+o(l)), (n -A oo). 

r i\-\ -Mr — r 

By (1.10) we have that e r S> n n -^-i , The fraction in this last exponent 
reaches its maximum for r — i\ — t 2 = 2, that is to say < |. Hence 

e r /n r ~ 1 S> n 1//3 —* 00 , and then we have that i\ — 1 = o(e r /n r ~ 1 ), (n —>■ 00 ), 

which implies 

(^T-^i- 1 )) = (^=l) ( 1 + °( 1 ))> («^oo). 
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Using this last equality and (4.4) we can write 

(1 + o(l)) < (r — 1)! e r _i n £l_r+1 (l + o(l)), (n -A oo), 

and so 

e r < ~j—(( r - 1 ) , -) 1/£l ( e r-i) 1/£l n 1 - — (1 + o(l)) 

(4.5) < — - f—^- (e r _i) 1//£l n ~ (1 + o(l)), (n —> oo). 

t\ 

To prove the induction step assume that (1.12) holds for r — 1, then 

(f 1 

e r -i < ^ _ yy, - + o(i)), (n -> oo), 

and inserting this into (4.5) we have 


((r-1)!) 1 ^ 1 ((£ r - if/h-ir-i r l _ 


r! \ (r — 1)! 

/ti ^ 


n r ~ i-i/^-U- 1 ( 1 + 0 ( 1 )) 


(l + o(l)), (n -A- oo). 


n 


Hence (1.12) also holds for r and the proof of Theorem 4 is completed. 


5. Infinite £-free sequences of integers 

5.1. Proof of Theorem 5. We part the interval (0,1V 2 ] into the subintervals 
Ij = ( (j — 1 )N,jN], j — 1,..., N and use the notation Aj = A D Ij. Note that 
A(tN ) = Yhj <t IA?I’ (1 < t < IV). We will hrst estimate the sum 


c = 14/1 

3 =1 J 


(y log y)V(h’"£-1) 

Let cr(x) denote the number inf y>a , H(y)---. 

On the one hand for any t such that 1 < t < N we have 

— (log (f IV) ) 1 /O' 1 '"h l) _ (2 log IV) 1 /^!-^-!) 
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We use this inequality and summation by parts to get 


s > (i -i/(0-- -4-0) 


q O i/(€i ■■■£ r —i) 


d t 


»N 


(5.1) 


> 


> 


> 


A(tN) 


■ d t 


2 J l t 2-i/(q-4-i) 

r N d t 

4(log iV) 1 /^ 1 -^- 1 ) t 


a(N) 


(ATlog AT) 




On the other hand Holder inequality yields 

TV \ I/(^l"'h-l) / jy 




5 < (E ^ 

0=1 


1-1 • • Tr — 1 


si 

0 = 1 


At this point we will need the following result. 

Lemma 5.1. Let A C Z be £r -/ree and Aj = A 0 ((j — l)N,jN], j = 
1,..., N. Then we have 

\A-\ il '" e ‘ r - 1 ^ 

j<N 


Assuming Lemma 5.1 holds (we will prove it below) we can write 

(5.2) S < jV 1-1 /(^ 1 '"^ r - l) (log AT) 1 - 1 /^ 1 "'^- 1 ). 

Inequalities (5.1) and (5.2) imply <j(N) <C 1 that is precisely the claim of Theorem 
5. 

Proof of Lemma 5.1. We use induction on r. We will call O-subsets to the subsets 
of 0 elements. 

When r — 2 then Yhj<N counts the 0-subsets in A included in some of 
the intervals Ij = ((j — 1 )N,jN], j = 1,..., N. We will estimate this number 
in two steps. On the one hand there are classes of pairwise congruent 0- 

subsets of A with diameter less than N. The reason is that each of these classes 
contains a representative subset that is within [1, AT] and which contains 1, note 
that the remaining elements of the representative subset can be chosen in (^ij) 
different ways. On the other hand it is easy to see that since A is £^ 2 -free 
then necessarily every class of pairwise congruent O-subsets contains at most 0 
members. Hence we have 

j<N j<N v 1 7 v 1 7 
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When r > 3 assume that Lemma 5.1 is true for r — 1. For any set S and any 
collection x = {. x\ ,..., x^} G (^) we will use the notation S * x = + x i)- 

On the one hand Holder inequality yields 

! \ 1/(^2 ■ ■ X r — 1 ) 


(5.3) | Aj * x\ < 


rrG 


V \Aj 
WZ) 


* X 


(■2—It-I 


/ 


1 — l/(^2’"h—l) 


On the other hand Lemma 2.4 with X = [2 N] and B = [N] implies 


(5.4) 


«KZ) V 1 


Combining (5.3) and (5.4) we obtain 

( 


N l 2 -tr-^ A .\h-ir-l ^ 


\ 


E IA 


* a: 


i—1 




) 


Summing in j we can write: 

N t2-X-1 |H/ 1 '" 4 - 1 < Y \ A i * x \ h " 4r ~ i 

j<N * e (£)*<* 

Observe that A,- is ^-free (because A,- C A) and then Lemma 2.1 implies 

that for any x = {aq,... ,aq x } G (^) the set Aj*x = Dili(A,- + aq) is E^ '^-free. 
Hence we apply the induction hypothesis to each Aj * x to obtain 

'y ^ \A-\ ll " 4r ~ 1 <C _/\d 1 "'tr--l—tl E N t2-tr-l~l 

j<N 


xG 


Thus we have 


as claimed. 


j<N 


□ 


5.2. Proofs of Theorems 6 and 7. The strategy of the proof is the same for the 
two cases of Hilbert cubes and C 2 /. We first construct a dense random sequence 
S free of arithmetic progressions. We will say that X is an obstruction (for S) 
when A" C S is a sumset of the class C\ t . The sequence S is likely to have 
infinitely many obstructions. If we could proof that obstructions are few then 
we would be able to remove all of them by just removing few elements from S. 
After the removal process we would retain a subsequence A C S satisfying the 
conditions of Theorem 6 (resp. Theorem 7). Thus we have to estimate the number 
of obstructions for S. In the cases of Hilbert cubes and £ 2 y we have succeeded to 
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obtain an upper bound which allows to complete the proofs of Theorems 7 and 

6. 


Onr first remark is that we can take e as little as needed in the sense that if 
Theorem 6 is true for a particular eo > 0 then it is also true for any e > eo- 

We define a collection of intervals as follows: 


I m = [4 m+2 ,4 m+2 + 4 m ), (m > 1). 

Let B m denote the set given by Theorem 9 of Behrend with the following prop¬ 
erties: B rn c I mi B m is free of arithmetic progressions and has size \B m \ > 
4”>(i+o(i)). 


Given e > 0 we have \B m \ > 4 m d e / 2 \ (m > m e ), for some positive integer m e . 
We take 

B= 1J B m . 

m>m e 

Let r, £i,..., i r be integers with r > 2 and 2 < l x < • • • < l r . We consider the 
probability space of all random infinite sequences S of positive integers with law 


P(p g S) 


/(") tfveB, 

0 otherwise, 


where all the events {v G are mutually independent and 


_ i +- t- t r — r i /o 

a — — - - - --— T e/2. 


-l 


- 1 


We will write S m for the intersection S fl B, n 


Lemma 5.2. Any random sequence S defined as above is free of arithmetic pro¬ 
gressions and with high probability we have 

(5.5) A 171 ^ 1 ti-tr-i e ) ; (m —> oo). 


Proof. As S C B, it suffices to proof that the set B does not contain arithmetic 
progressions. Take any X\ < x 2 < x 3 with X\ e B mi , x 2 G B m2 , x 3 G B ms 
and mi < m 2 < m 3 . If m\ = m 2 = m 3 then x±,X 2 ,x 3 are not in arithmetic 
progression because B mi is free of them. 

If mi < m 2 < m 3 and 2x 2 = aq + x 3 then we would have 

34 • 4 m2 = 2(4 m2+2 + 4 m2 ) > 2x 2 = Xl + x 3 > 4 m3+2 > 4 m2+3 = 64 • 4 m2 , 

which is false. If mi < m 2 = m 3 then 

47 

x 2 -xi> 4 m2+2 - (4 m2+1 + 4 m2_1 ) = —4 m2 > x 3 - x 2r 

and then xi,x 2 ,x 3 are not in arithmetic progression. If mi = m 2 < rn 3 then 
x 3 -x 2 > 4 m2+3 - (4 m2+2 + 4 m2 ) = 47 • 4 m2 > x 2 - x 1} 
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and then xi,x 2 ,X 3 are not in arithmetic progression. 

When v G B m then v < 4 m+3 and so the expected size of S m — Sr I B m is 
Hm = E(|5 m |) = v- a > \B m \4T^ a > 4 m(1 - £ / 2 -°\ (m —> oo). 

vOzBrn 


Since (S'ml is a sum of mutually independent indicator random variables we can 
apply Chernoff inequality to obtain 


V(\S m \ < li j 2 ) < e~^ 2 


.. _4m(l-e/2-a) 

< e 


This inequality implies PdS’m l < /i m /2) < oo, and then by the Borell- 

Cantelli Lemma we have that with high probability 


|S m | > fij 2 » 


4?n(i — 


<1+—+*r-r 
« r ..« r -l 


d 


(m —> oo). 


□ 


We want to prune the sequence S in order to destroy all obstructions. To this 
end we will remove from every obstruction its greatest element. Let S')) l ad denote 
the collection of all elements in S m that have the property to be the greatest 
element in at least one obstruction (to S): 

^m ad : = {s G S m | s = max(X), X C S is an obstruction}. 

We also define a random variable that counts the number of obstructions that 
have their maximum in S m : 

N(S m ) := C S is an obstruction | max(Ai) G S m } . 

For two particular cases we claim that obstructions with a maximum in S m are 
few. 

(r) 

Lemma 5.3. For the two cases £ 2 / and C 2 ; 2 we have with high probability 
(5.6) |AT(5' m )| = od^l), (m —>■ 00 ). 


We postpone the proof of Lemma 5.3 until the end of this section. 


Now we can end the proof of Theorems 6 and 7 as follows. Take the randomly 
constructed sequence S. For every obstruction X C S we have that max(Ai) G S m 
for some m. We remove max(Ai) from the set S m . We perform this removal 
process for all the obstructions for S. Let S* n denote the subset of S m that is 
retained after the completion of this removal process. Two different obstructions 
might have the same maximum therefore N(S m ) > |*S'}’ ) ad |. Thus by Lemma 5.2 
and Lemma 5.3, with high probability we have that the retained elements are at 
least 


1^1 = I S m \ C d | > \s m \ - |iV(S' m )| » \S m \ » 4 


m(l— 




irp-e) 


(m —> 00 ), 


for the two cases C 2 ,e 


and £2 ’} 


, 2 - 
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Finally let us take A = |J m>m S}. On the one hand A is ^-f'ree because 

all sumsets of the class ^ that were contained in the initial sequence S have 
been destroyed in the process of obtaining the subsequence A C S. 

On the other hand for each x large enough take the integer k such that A k < 
x < A k+l . It is clear that 


A(x) > V |S^| > |SJ| » 4 


k( 1- 


m<k 


M-H i—r s i 

tl -tr-l > > X 


g] +--- + fr-r 


(a: —» oo), 


holds, with high probability, for the two cases C 2 ,i and c!f]^ 2 . Therefore at least 
one sequence must exist satisfying Theorem 6. The same applies for Theorem 7. 


In the proof of Lemma 5.3 we will use the following well known estimates: 


(5.7) 

T: w? x x 1+l3 

n<x 

if (3> - 

(5.8) 

r} x x 1+/3 

if /3 < - 


x<n 


5.2.1. Proof of Lemma 5.3 for the case C 2 ,c- Any surnset X in C 2 ,e can be de¬ 
scribed as follows: 

X = {0, x} + {y u ..., y e }, yi<---<yt- 

For any fixed choice of x, yi,... , either (a) there exists a t with 2 <t<£ such 
that 

(5.9) j/i < • • • < yt-i < x < y t < ■ ■ ■ < y e , 

or alternatively (b) we have either x < yi < ■ ■ ■ < ye (type “left”) or yi < ■ ■ ■ < 
yu < x (type “right”). For convenience we will say that X is “of type f” when 
X = {0, x } + {yi, ..., yi\ and (5.9) holds. 

Suppose that a surnset X of the class C 2 ,n is contained in S. By Lemma 5.2, 
S does not contain arithmetic progressions, hence X is also free of them. Then 
Lemma 2.2 implies that X cannot be degenerated, that is to say all the possible 
sums that contribute to the surnset X are distinct (see Definition 2.1). Hence 

P{X C S) = f(y i) • • • f(ye)f(x + yf) ■ ■ ■ f(x + y t ). 

We will estimate first the expected number of obstructions X (to S) such that 
max(X) G S m for the cases left and right. 

Let N} denote the number of number of such obstructions that satisfy x < 
yi < ■ ■ ■ < ye- The function f{y) = u~ a , where a = + e/2, is non-increasing 
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so f(x + yi) < f(yi), and we can write 

P(X c S) = f(yi) ■ ■ ■ f(y e )f(x + yi) ■ ■ ■ f(x + ye) < f(yi ) 2 ■ ■ ■ five) 2 - 

Note also that if x + ye — max(A) G S m C [4 m+2 ,4 m+2 + 4 m ) then y e < 4 m+3 . 
Hence we can write 

E(W,y= 5] P (X c S) 

X of type left end 
max(X)E Sm 

< Y fivif ■■■ fivi) 2 = Y yi 2a ---yf a 

x<yi<---y^<A rn ^ 

< < I] x (l- 2 aK < 4 m(l+(l- 2 a) 0 . 

i <4"*+3 \x<y / x<A m + 3 

where, since 2a = + e > 1 and 2a — 1 = + e < 1 for e small enough, we 

have used the estimates (5.7) and (5.8). 

Let denote the number number of obstructions X (to S) such that max(A) G 
S m , with yi < ■ ■ ■ < ye < x. Again by the monotony of / we have 

P{X c S) = f(y i) • • • f(ye)f(x + j/i) ■ ■ ■ f(x + ye) < fiyi) • ■ ■ fiye)f{x) e , 


and then 

E(JV*)= y P(A'CS) 

X of type right end 
max(X)G5 m 

< Y f(yi)---f(ye)f( x Y = Y yT a ---yI a x~ ai 

V 

x ~ al <c Y^ <c 4 m ( 1 +( 1_2a K), 

/ x<4 m + 3 


s £ (£ 

#<4m+3 \y<x 


where we have taken e sufficiently small to have a < 1. 

Fix t with 2 < t < t. By (5.9) and the monotony of the function / we have: 


fix + < f(x), (1 < i < t - 1), fix + y<) < /(y*), (t < * < ^). 


Then we can write 


p (x cs)< /( yi ) • • • f^fixY^fim) ■ ■ ■ fiy e ) 

= fiy 1 )---fiy t - 1 )fix) t - 1 fiy t ) 2 ---fiye) 2 . 
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Let Nm = Nm(S) denote the number of sumsets X of type t such that X C S 
and max(X) e S m . The expected value of Nm can be estimated as follows 


E W)= E p ( Xc s) 

X of type t 
ma x(X)eSm 

yi<—<yt-i<x 
x<yt<—ye< 4 m+3 

yu---,yt-i<x 
x<yt<-ye< 4 m+3 

< E (E»"“) 

x<yt<---yt< 4 m + 3 \y<x J 

( \ «-i+l / \ t-1 

Ev 2 “) eH 

_ x<y / \y<x / 

(since | < « < 1 for 6 small) < £ a; -(t-l)a a .(l-2a)«- t +l) a .(l-a)( t -l) 

x<4 m + 3 


< 



a .-(2a-l)< ^ 4 m(l-(2a-l)/) 


x<4 m + 3 


since (2a — 1)£ = + e£ < 1 for e small enough. Observe that N(S m ) = 

AT -f y^ =2 + N* hence we can write 

i 

E (N(S m )) = E (N%) +'%2e(N®)+E (N%) < 4 m ( 1+ ( 1 - 2 “W. 

t=2 

Markov inequality yields 

E P (N(S m ) > m 2 E(N(S m ))) < E A < 

m>m e m>m e 

Thus by the Borell-Cantelli Lemma with high probability we have 

N(S m ) < m 2 E(7V(S m )) < 4 m(l+(l-2a)/+o(l)) _ 4 m(l-^-fe+o(l))_ 

Using this and the estimate (5.5) we have with high probability 

< 4 m((l-^)e+o(l)) ^ 0> ( m ^ 0Q ) > 

since £ > 2, which proves Lemma 5.3 for the case £ 2,0 
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5.2.2. Proof of Lemma 5.3 for the case of Hilbert cubes. Any Hilbert cube X of 
dimension r can be written as 

X = x 0 + {0, xi} H-h {0, x r }, (xi < ■ ■ ■ < x r ). 

Indeed if A" = L\ + • • • + L r with Lj = {aj,bj}, take xo = Y^j=i a j and x j = 
bj — aj, rearranging the indexes if needed to have X\ < ■ ■ ■ < x r . In other words, 
X = {x 0 + ^2 ieI Xi | / C [r]}, where the indexes in the sum cover all subsets of 
the interval [r] = {1,..., r}. 

Suppose that a Hilbert cube A" is contained in S. By Lemma 5.2, S does not 
contain arithmetic progressions, hence A" is also free of them. Then Lemma 2.2 
implies that A" cannot be degenerated, that is to say all the possible sums that 
contribute to the surnset X are distinct (see Definition 2.1). 

For any fixed choice of x 0 , xi ,..., x r with x\ < ■ ■ ■ < x r , the probability that 
the corresponding Hilbert cube X = {rco + J2i£i x i I I c [ r ]} is contained in the 
random infinite sequence S is 

P (A" C S) = P [ /\(x 0 + j>es) = 

\lC[r] i&I J Id [r] V i&I ) 

= n [x 0 + ’ 

because all the sums xq + 'YhiepXi are distinct. The indexes / in the sum (and in 
the product) cover all subsets of the interval [r], that is to say: 0, and -for each 
i = 1,... , r- all the 2 t ~ 1 subsets of [r] in which i is the maximum. Note that 
having fixed i, for each s-uple ki, ■ ■ ■ , k s with 1 < k\ < • • • < k s < i we have 

(x 0 + x kl H-h x ks + Xi)~ a < (x 0 + Xi)~ a . 

Hence we can write 


P (X C S)< "Ti n (a^o + 


Xj 


i= 1 /C[r], 

max I=i 


— x o a 


n^° + 


X, 


\ — 2 z ~ 1 a 


i =1 


It is convenient to write y 0 = x 0 and y t — x 0 + x*. With this notation we have 


P (X c S) < y^ a H: 


-2 *- 1 a 


i=l 


(5.10) 
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Note that if y r + x± + ■■■ + x r -i = max(A") G S m C [4 m+2 ,4 m+2 + 4 m ) then 
necessarily y r < 4 m+3 . Hence by (5.10) 

E {N{S m ))< Yl V(XcS) 

X={x 0 +Y, ie iXi\I<Z[r\} 

Xl< -<Xr, max(X)sS m 

< e 

2/0<J/l<-<2/r<4 m + 3 1=1 

Taking in account that a = + e/2 and that t — 2*a > — 1 for all t < r and e 

small enough we can estimate E(iV(S' m )) as follows: 

r 

E(JV(S m ))« E n 

yo<---<J/r<4 m + 3 1=2 

J/l<-"<!/r<4 m + 3 1=3 

« E ■ ad” n vf~'“ 

yt<---<y r <4 m + 3 i=t +2 

< • • • 

« E • vf‘ 

yr-l<yr<4 m + 3 

« E »r 2 '“ 

y r <4 m + 3 

(4>njl+'--2 r a i 

Markov inequality yields 

X] P (N(S m ) > m 2 E(iV(E m ))) < ^ -1 < oo. 

m>m e m>m e 

Thus by the Borell-Cantelli Lemma with high probability we have 
N(S m ) < m 2 E (N(S m )) < 2 m d+ r_2ra +°( 1 )) 

(5.11) < 2 m (i-^T- 2r - le+o( i)), (m -> oo). 

Combining (5.11) with (5.5) we have with high probability 

<<; 2 m((l-2-i )e+0 (l)) Q) (m Qo)> 

which proves Lemma 5.3 for the Cp' 1 2 case (Hilbert cubes). 
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